The Schwinger-Dyson equation for the quark self-energy is solved in the quenched ladder approximation for several cases of one-and two-quark-generations. The exchanges of standard model gluons and Higgs bosons are taken into account. It is found that Higgs boson exchange dominates the quark self-energy in the ultraviolet region for sufficiently large input quark masses (> 75 GeV), causing the running quark propagator mass to increase with energy-scale. The running of the quark mixing angles is also considered. No running of the quark mixing angles is found for input quark masses up to and including 500 GeV.
I. Introduction
Unlike the renormalization group equation, the Schwinger-Dyson equation (SDE) analysis presented here enables us in principle to calculate the running quark mass functions for very light quarks at low energies where quantum chromodynamics (QCD) is in the nonperturbative region. This is of interest because experimentally accessible quantities are presently found at low energy-scales. In the presence of heavy quarks, such as bottom and top, it allows the calculation of running mass matrix at momentum scale of the order or less than the quark masses, at which scale the RG equation results may not be reliable Moreover, this nonperturbative SDE approach is also interesting in that it can describe the running mass function of an ultra-heavy quark, with a large Yukawa coupling that cannot be treated reliably by perturbation theory. This would be relevant for a fourth generation quark, for example.
The calculation of the variation of mixing angles with momentum scale is of great experimental interest since they are usually measurable only in a very limited kinematic region. To illustrate this point, consider the top-strange CKM mixing parameter, V ts . Direct top-antitop quark bound state production at the next linear collider would occur at approximately > 300 GeV 2 , and V ts would be evaluated there. Presently, some estimations of V ts are being done indirectly using penguin diagrams in the calculation of b → s transitions
In this method a virtual top quark mixes with a virtual strange quark at a few GeV 2 [1] Clearly if V ts (300 GeV 2 ) = V ts (≃ 3 GeV 2 ), complications would arise. This possibility should be investigated both by RG techniques and by the SDE. In particular SDE studies can reveal the existence of any nonperturbative effects which might be absent in RG studies.
There have been several studies of the quark propagator Schwinger-Dyson Equation
These have fallen into the areas of chiral-symmetry breaking [2, 3, 4, 5, 6] , confinement [7] , and related phenomenology including pseudoscalar decay constants and form factors [8, 9, 10, 11] . The complexity of the SDEs makes it neccesary to use various approximations or assumptions. The numerous QCD quark SDE studies make assumptions about the quarkgluon vertex and they model the effective gluon propagator. Many of these studies utilize the Landau gauge, ladder approximation and the angle approximation to express the integra SDE in terms of a differential equation [12] . Recent reviews of SDE literature which include discussion of and references for the above points include [12, 13, 14] .
Though the propagator is a gauge dependent object, and this is true in the approximations that we use, our results do agree with the gauge-invariant one-loop renormalization group analysis results in the ultraviolet region. We are careful not to neglect derivatives of the strong coupling, α s (q 2 ), to be consistent with the one-loop RGE result [15] .
Roberts and McKellar [16] have studied the validity of the angle approximation used in the context of the model of Atkinson and Johnson [5] . They use the Landau gauge and the running strong coupling α s (q 2 ) = dπ/ln(x 0 + q 2 /Λ 2 QCD ), and re-express the integra equation as a differential equation. Roberts and McKellar find that the angle approximation is qualitatively reasonable, introducing errors of order 12%. For other models, however, the angle approximation is not so reliable, particularly when the strong coupling becomes singular at the origin. To minimize problems with the angle approximation, we utilize some aspects of the model of Atkinson and Johnson [5] .
Rather than investigate chiral symmetry breaking, this study assumes that chiral symmetry is broken and solves the quark propagator SDE to find running quark mass functions and running quark mixing angles. In addition to the usual gluon contributions, we include Higgs boson exchange effects in the quark self-energy. The contributions to the quark selfenergy due to Higgs bosons are being studied here for the first time in the context of the quark propagator SDE. We also study for the first time in a Higgs-boson-plus-gluon mode the multigenerational cases of quarks which enable us to analyze quark mixing angles.
II. Model
The general form of the quark propagator SDE that we use is
where g s γ µ and g s Λ ν are quark-gluon vertices, S(k) is the quark propagator, G µν is the gluon propagator, g Y Λ H is the quark-Higgs boson vertex factor, and P H is the Higgs boson propagator, to be discussed below.
In this study we will simplify the quark propagator by using the ladder approximation namely we will set all the vertices to be the bare vertices. We will, however, use the RG improved expressions for both the QCD and Yukawa couplings. In the Landau gauge A(q) = 1 in the approximate form used here of the Schwinger-Dyson-Equation (SDE) in QCD [17] Thus the ladder approximation quark propagator in the Landau gauge in Minkowski space that we use is iS(
, where M is a 2 × 2 quark mass function matrix assumed to be symmetric for this study. The ladder approximation quark propagator is accurate enough for our purposes because this is an exploratory study of a quark self-energy SDE which includes QCD and Yukawa contributions [18] .
The gluon propagator we use is
with
and the leading-log (one-loop) coupling
where d = 12/(33 − 2n f ), n f is the number of flavors. This form has the correct −k 2 → ∞ leading order QCD behavior (for −k 2 > 0). This is a simple extension of the form used successfully to fit J/ψ and Υ spectroscopic data [19] . This leading-log QCD coupling is renormalization-scheme and gauge independent, as is its second order, two-loop, extension [20] . x 0 is a parameter that functions as a smooth infrared cutoff. Equation (4) does not accurately model the gluon potential in the infrared region, but it does enable us to assess the relative magnitude and shape effects of the Higgs boson and gluon exchanges in the quark self-energy [21] .
The QCD coupling also contains the parameter n f , the number of quark flavors. The number of quark flavors is determined by the energy scale, y =
, where q is the momentum transfer. We use a step-function expression to increment n f at q =1.27 GeV (n f = 4) 4.25 GeV (n f = 5), 160 GeV (n f = 6), and 500 GeV (n f = 8), where the running quark mass values m c (m c ) = 1.27 GeV, and m b (m b ) = 4.25 GeV are from Gasser and Leutwyler [22] .
We must also model the Yukawa couplings. We consider a 2 × 2 symmetric Yukawa coupling matrix, which can be diagonalized by a 2 × 2 unitary matrix, to give diagona elements g ± . The one-loop Renormalization Group Equation for the diagonalized Yukawa couplings, g ± , without weak interaction effects, is
with t = ln(
where the C ± must be determined by boundary conditions. We apply the boundary con-
2 /2 for small (< 150 GeV) running quark masses, and We convert Eq. (1) into 4-d spherical polar coordinates, and integrate over φ and χ analytically. To integrate over θ, we employ the so-called angle approximation [15] in the QCD sector and its analog in the Yukawa sector. The angle approximation is equivalent to keeping the first term in an expansion of the angular, θ, integral [24] . It predicts the same leading behavior for the ultraviolet asymptotic forms of M(y) as given by operatorproduct-expansion analysis in the pure QCD case [25] . Roberts and McKellar [16] showed that the angle approximation may be useful for a qualitative study of the quark SDE when the infrared behavior is expected to be smooth, as in our gluon model. We also make the 
The resulting 1-d SDE is thus
We solve Eq. (7) by converting it into a second order differential equation (see Appendix) and applying a fourth-order Runge-Kutta subroutine. To ensure that the differential equation is equivalent to our integral equation, we must enforce some initial conditions. The QCD quark propagator integral SDE relates the values for the derivatives of the quark masses at the origin to the quark masses themselves. For the pure QCD 1-particle case dM dy For the multiple-quark-generation case we must also input the q 2 /Λ 2 QCD = 0 values of the mixing angles for the up-sector and down-sector. We somewhat arbitrarily choose the up-sector mixing angle to be θ up = 0.5 radians. To ensure that the cabibbo mixing angle agrees with the accepted SM value for the first two generations, θ cabibbo = 0.22 radians at small q 2 [28] , we choose θ down = θ up − θ cabibbo . For the third-fourth two-generation case, our convention is to adopt the same θ cabibbo input value, since it is unknown. For the second-third two-generation case, we utilize the leading angle expansion term of the 1994 Particle Data Book's V cb , sinθ 23 ≡ 0.04 [28] . We are primarily interested in the question of the running of the mixing angles, not their specific values, in any case. Next we turn to the results of this analysis.
III. Results
We solve the one-quark-generation version of Eq. (7) for seven cases of quark input masses given in Table 1 for the running quark mass functions. We summarize some characteristics of these results, including the initial and final values of the quark mass functions in Table   2 , where A and B are the initial and final integration points, for example 5 × 10 −5 , and 9.77 × 10 8 , respectively, in units of Λ 2 QCD . We also compare the QCD plus Higgs boson exchange case with the QCD-only case in the asymptotic region to get the ratio We solve the second order differential equation version of Eq. (7), with initial conditions given in an Appendix, to get the quark mass function weak eigenstates M 11 , M 12 , M 22 . We get the quark mass function eigenstates from M ± = 1 2
and the mixing angles from disagrees substantially with the pure QCD case (dashed line). In fact, the running top ′ quark mass is increasing in the asymptotic region. In Figure 4 we graph the 'running' Cabibbo mixing angle versus the energy scale for the third-fourth generations case, which shows the largest Higgs effect on the mass. There does not appear to be any variation in the mixing angle with respect to energy scale. This is true in all cases we study.
In Table 3 we summarize the two-quark-generation results. The two-quark-generation results are very similar to the one-quark-generation results, as we see by comparing Tables   2 and 3 . Apparently the mixing effects in our model in the two-generation cases do not significantly affect the quark mass functions. 
IV. Conclusions
All calculational results have been verified by an independent calculation as indicated in the Appendix. We have calculated the momentum-dependent, quark propagator mass We have calculated the running mixing angle, which we call theta-cabibbo, for three cases of two-quark-generations. We detect no running of theta-cabibbo or any other mixing angle due to any effect, for any quark mass input value up to and including 500 GeV. This is expected for pure QCD and can be proven analytically [29] . This provides a check of the numerical work. By studying the mixing angle results, we determine that the running of the mixing angles due to nonperturbative effects in our model is less than one part in 10 9 , far less than any conceivable experimental sensitivity. We have been unable to prove analytically that the cabibbo angle is constant when the Yukawa interaction is included in the SDE analysis, but we have established numerically that there can be no observable effect even for the heavy hypothetical fourth generation. Based on our results, it appears to be safe to ignore running of V ts and V tb , for example, in extrapolating from m 2 b to m 2 t in parametrizing data [1, 30] . Our nonperturbative results agree in this respect with the RGE analysis of the model that we study, since the RGE's can always be diagonalized completely and no running of the mixing angles occurs. As remarked earlier, the y-dependence of our mass functions agrees with that of the 1-loop RGE's in the asymptotic region, though not in the region at or below the scale of the input masses.
In our investigation we have neglected the contributions of Goldstone bosons, W ± , Z 0 and γ exchange in the quark self-energy. Of these, we expect only the Goldstone bosons to have a large effect on the quark self-energy in the Landau gauge, and then only in the heavy quark sector where it is strongly coupled. Thus the next step in this analysis is to expand our model to include Goldstone boson exchange. For heavy quarks, we expect the effects on the quark self-energy from the electroweak bosons to be significantly smaller than those of the gluon, Higgs boson, and Goldstone bosons.
We could also expand the flavor sector to include the three-quark-generation case and possibly the four-quark-generation case. This would enable us to calculate the running of the elements of the three-quark-generation Cabibbo-Kobayashi-Maskawa matrix and its fourquark-generation analog. These calculations should be undertaken with due consideration however, since introducing additional quark generations significantly increases the length of the calculations. Moreover, our two-quark-generation case seemed to indicate that the effects on running quark mass functions due to mixing between generations are negligible.
This method is well-suited to study a variety of nonperturbative non-Standard-Mode effects. For example, we could investigate the case of the third generation top quark experiencing a new gauge interaction instead of, or in addition to, the Higgs mechanism by replacing the Higgs boson exchange with a new gauge boson exchange in the top quark self-energy. This would enable us to study models of dynamical breaking of electroweak symmetry where the top quark plays a special role [31, 32] . Alternately, we could study the case of the fourth generation quarks experiencing a new gauge interaction, in addition to the Higgs mechanism, which the SM quarks do not experience, to study new, dynamical effects.
We address these and other, related, points in a future publication. 
we can write the components of the second order differential equation: 
where 
